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Introduction.
A harmonic map is a smooth map between Riemannian manifolds which is a critical point of the energy integral. A very natural method of trying to construct harmonic maps between compact Riemannian manifolds (generalizing the classical Dirichlet principle) is to try to find a map which has least energy in its homotopy class, or more generally, is stable in the sense that it is a local minimum for the energy. For example a basic existence theorem of Eells and Sampson [ES] is that there is an energy minimizing (and thus harmonic) map in each homotopy class in the case the image manifold has nonpositive sectional curvatures (see [EL] for a discussion of this and other stability properties related to harmonic maps and the energy integral). Unfortunately for the existence theory in some cases there need not be any nonconstant stable harmonic maps between a given pair of compact manifolds. In particular, for the standard sphere Sm of dimension m > 3 Xin [X] has shown that Sm cannot be the domain of any nonconstant stable harmonic map and Leung [Lg] has shown Sm cannot be the range of any nonconstant stable harmonic map.
In this paper we will extend their methods and results to cover a larger class of manifolds. First we give a condition on the second fundamental form or Weingarten map of a compact immersed submanifold M of Euclidean space which implies that M is not the range or domain of any nonconstant stable harmonic map and also implies that the homotopy class of any map to or from M contains elements of arbitrarily small energy. For brevity we call such a manifold strongly unstable. Then for any compact isotropy irreducible Riemannian homogeneous space G/H oí dimension m we use the immersion into Euclidean space induced by the eigenfunctions of the first eigenvalue A i of the Laplace-Beltrami operator on G/H to show that G/H is strongly unstable if and only if mX i < 2t, where r is the scalar curvature of M. This allows us to make a list of all the compact irreducible symmetric spaces which are strongly unstable. This last result is based on work of Smith [S] and Nagano [N] who made a list of the compact symmetric spaces on which the identity map is unstable. Finally we show that for any strongly unstable manifold M the first two homotopy groups tti (M) [Lg] . Both the proofs in their papers and the proofs here are based on an ingenious averaging argument introduced in the paper [LS] of Lawson and Simons. 2.4 DEFINITION. Let M be a compact Riemannian manifold with metric g. Then call the metric g strongly unstable if (M, g ) satisfies the four conditions 2.2.1(a), (b) and 2.2.2(a), (b) . If the metric is clear from context the manifold M will be referred to as strongly unstable. It is elementary but still rather surprising that 2.2.1(b) and 2.2.2(b) are preserved under a change of metric on M.
2.5 PROPOSITION. Let M be a compact Riemannian manifold with a strongly unstable metric go-Then for any other Riemannian metric g on M,
(A) for any compact Riemannian manifold (N, h) the homotopy class of any map from (N, h) to (M, g ) contains elements of arbitrarily small energy, (B) for any Riemannian manifold (M, g ) the homotopy class of any map from (M, g ) to (M, g ) contains elements of arbitrarily small energy.
PROOF. This follows at once from [EL, Lemma 5.15, p. 37 ].
2.6 Remark. That a standard sphere of dimension at least three has property (B) of the last proposition is due to Eells and Lemaire [EL] and when M is a compact simply connected Lie group it is due to Min-Oo [M] . If the homotopy class of the map from N to M contains a submersion and M is a standard sphere, then part (A) is due to Eells and Lemaire, but that this is true for any into a standard sphere (of dimension at least three) seems to be new.
2.7. We now give two easy corollaries to the theorem in the case Mm is a convex hypersurface in Rm+1. Recall that a compact hypersurface Mm in Rm+1 is an ovaloid iff there is a choice of a unit normal r, on M so that A" is always positive definite; in this case order the eigenvalues of A" (which are the principal curvatures of M) so that 0 < Ai < A2 < ■ • • < Am. The eigenvalues of QM are then easily computed to be (2.8)
Ai(2A¿ -(Ai + ■ • ■ + Am)), 1 < i < m.
As QM is negative definite if and only if all its eigenvalues are negative we have 2.8 COROLLARY. If the principal curvatures of the ovaloid Mm satisfy
then Mm is strongly unstable. In particular when m > 3 the standard unit sphere in RTO+1 is strongly unstable.
It is of interest to see how this relates to the intrinsic geometry of Mm.
2.9 COROLLARY. If Mm is an ovaloid which is pointwise 8 pinched (that is for each x G M there is an r(x) > 0 such that all sectional curvatures of M at x are in the interval [8r(x),r(x)]) for some 8 > l/(m -1), then M is strongly unstable.
PROOF. As the Weingarten map is selfadjoint there is an orthonormal basis ei,..., em so that Anei = \ei. Let Kij be the sectional curvature of the two-plane spanned by ex and e3. Then, by the Gauss curvature equation, K{j = XiXj. Thus for i < j, 8r(x) < AtAj < r(x). Therefore
Dividing by Am_i shows the last corollary applies. 2.10. We now show that the map QM can be rewritten in several different forms which will be useful to us later. Let R be the curvature tensor of M with signs chosen so that R(X, Y) = VxVy -VyVx -V[ 
We remark that QM can also be defined in terms of the second fundamental form h oî M. Let ei,..., em be an orthonormal basis of TMX. Then for X G TMX m (2.13) (QfX,X)=Y»(X,e%)\\2-(h(X,X)M^et))). i=i
Using this last equation it is possible to prove the following result: Let Mm be a compact submanifold of the unit sphere Sm+k~1 in Rm+fc and let B be the second fundamental form of M in Sm+k~1. Then
y/m+ 1 implies M is strongly unstable. As the proof is nothing but a tedious exercise in completing the square (and the result does not seem to lead to any interesting new examples) we omit it.
2.11 REMARK. If for 1 < j < I we have a compact Riemannian manifold MTOj isometrically immersed in Rm¿+fcj in such a way that each QMj is negative definite, then it is easily checked that for the product immersion of Mm = Mf x • • • x M¡ into Rm+,c (m = mi+-\-mi,k = k\+-\-ki) that QM is also negative definite. Bortolotti [Ch, . Putting these into (3.3) and using that Ay± is selfadjoint, we obtain M X\\2 = 2(A2V±X,X) + ((VvtA)v,X,X) -(Ah{vT¡vT)X,X). t=o there is a map fp.N -> M homotopic to f with E(ff) < pE(f).
Once this is proven then 2.2.1(b) is straightforward. Start with any /: N -> M and use the lemma to find /i homotopic to / with E(ff) < pE(f).
Another application of the lemma gives an f2 homotopic to /i (and thus to /) with E(f2) < pE(fi) < p2E(f). By induction there is an /; (I = 1,2,...) homotopic to / with E(fi) < f/E(f). But 0 < p < 1 whence lim^oo E(ft) = 0 as required.
We now prove the lemma. Choose any orthonormal basis Vf,..., vm+k of Rm+fc and to simplify notation set Vj -vj. Because QM is negative definite for all x and M is compact there is a constant b > 0 such that for every vector X tangent to M (3-13) E M E(^of)<-2(m + k)bE(f).
J=i ai t=o
Fix a smooth map /: N -> M. We now proceed in steps.
Step 1 Let Bq be this maximum and B = max{6,Bo}. Then (3.14) follows by homogeneity.
Step 2 .16) hold. Now (3.17) follows by differentiating E(<p¥ o f) under the integral and using (3.14).
Step 3. Let c = b/B (so c < 1 as b < B), p = (1 -\ be2), and V be as in Step 2. Then 0 < p < 1 and (3.18) E(tf o f) < pE(f).
PROOF. Let E(t) = E(^X o /). Then by
Step 2 for 0 < t < c E"(t) = E"(0) + f E'"(s)ds < (-2b + Bc)E(f) = -bE(f).
Jo Thus E'(t) = E'(0) + I E"(s) ds<0-btE(f)
Jo and E(c) = E(0) + j° E'(s) ds<(l-ïÇ) E(f) = pE(f).
As both E(c) and E(f) are positive this inequality implies p is positive. We now prove the lemma. Let /i = <pv o f. Then /i is clearly homotopic to / and we have just shown E(ff) < pE(f). This completes the proof. where this time it is assumed the moving frame ei,..., em is centered at x, that is (Vej)x = 0 for all j.
In the case the homotopy ft is of the form ft = fo <p* for a smooth field X on M the variation vector field is V -df(X) and the second variation can be rewritten in a form which is more useful to us. A calculation shows that in this case Again using VeivT = A^ei, Ve¿e¿ = 0 at x and (3.5), we obtain (4.11) Ve,Ve,t;T = Vei(i4"j.ci) = (VeiA)v±ei -Ah(e.it,T)ei. By [EL, Lemma 5.16, p. 37] 
this implies 2.2.2(b).
5. Homogeneous spaces. 5.1. Let Mm = G/H be a compact Riemannian homogeneous space of dimension m and assume the isotropy representation of H on the tangent space at the eH G G/H is irreducible (we will say G/H is isotropy irreducible). Let is an isometric immersion of M into R' and moreover the image of $p is contained in the sphere S1^1^) centered at the origin and of radius r2 = m/Xv as a minimal submanifold. We will also use that $p is equivariant and that there is a group homomorphism p from G to the orthogonal group 0(1) acting on R( such that Because M is a minimal submanifold of Sm+k~1(r) if em+f is chosen normal to 5m+fc"1(r) and em+2,..., em+k tangent to Sm+fc-1(r), then [Ch, Chapter 3] tr ( PROOF. The conditions (A) and (B) were shown to be equivalent by Smith [S] (in fact he proves (A) and (B) are equivalent in any compact Einstein manifold). It is clear that (C) implies (B) and thus (A). Conversely if (A) holds then by Proposition 5.2 and Theorem 2.2 M is strongly unstable.
Smith [S] made a partial list of which of the irreducible compact simply connected symmetric spaces have an unstable identity map. This list was completed by Nagano [N] . Using this gives PROOF. If 7ri(M) ^ 0 then it is well known [Sp, Vol. 4, Proposition 25, p. 355] that any nontrivial free homotopy class contains a geodesic -7 of least length and thus by the Cauchy Schwarz inequality 7 also has least energy in its homotopy class. This implies that there is a stable harmonic map from the circle S1 into M. But this is impossible as M is strongly unstable. Likewise if 7T2(M) ^ 0, then by results of Sacks and Uhlenbeck [SU, Theorem 5.5, p. 22] there is at least one nonconstant stable harmonic map from S2 into M. Again this is impossible as M is strongly unstable.
REMARK. Recently Brian White [W] has shown that every map from a compact manifold into M is homotopic to a map of arbitrarily small energy if and only if PROOF. The vanishing of iTf (M) and tt2 (M) follows from the last Proposition and Theorem 5.3. Assume mAp < 2r but that the immersion $p is not an imbedding. Let Mf = $P [M] be the image of M under $p. Then the equivariance of $p forces it to be a covering map. Thus Mf has a nontrivial covering manifold and therefore Mf is not simply connected. But the local geometry of Mf in the ambient Euclidean space is the same as that of M so Mf and M have the "same" Weingarten maps. Thus qMi =qM = l(mAp-2r)J.
This implies QMl is negative definite and so Mf has a strongly unstable metric. But this would imply Mf is simply connected, a contradiction. This completes the proof.
